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The implementation of many-body interactions is relevant in various areas of quantum infor-
mation. We present a superconducting device that implements a strong and tunable three-body
interaction between superconducting quantum bits, with vanishing two-body interactions and ro-
bustness against noise and circuit parameter variations. These properties are confirmed by calcula-
tions based on the Born-Oppenheimer approximation, a two-level model for the coupling circuit, and
numerical diagonalization. This circuit behaves as an ideal computational basis ZZZ coupler in a
simulated three-qubit quantum annealing experiment. This work will be relevant for advanced quan-
tum annealing protocols and future developments of high-order many-body interactions in quantum
computers and simulators.
Many-body interactions can arise as mediated inter-
actions from fundamental two-body couplings in various
physical systems [1, 2]. In quantum information, many-
body interactions are relevant for quantum error correc-
tion [3, 4], complexity theory [5], quantum thermody-
namics [6], quantum chemistry [7], and quantum simula-
tions [8, 9]. The implementation of suitable high-order
many-body interactions for quantum information comes
with unique challenges, due to the fact that these in-
teractions have to be of comparable strength with and
controlled independently from lower-order interactions.
The implementation of many-body interactions has
been considered in various physical systems for quantum
information including ion traps [10], atoms in optical lat-
tices [11, 12], and cold polar molecules [13]. In supercon-
ducting circuits, high-order effective interactions between
qubits can be made strong, due to the fact that the un-
derlying two-body interactions are strong. High-order in-
teractions have been analyzed for several types of super-
conducting qubits and coupler circuits [14–18]. Recently,
there has been increased interest in many-qubit couplers
for quantum annealers based on superconducting qubits.
Proposals for engineered couplers for superconducting
qubits that are suitable for quantum annealing include a
three-body coupler circuit based on galvanic coupling [19]
and four-body coupler circuits based on a single-loop in-
terferometer device [20] or a more complex circuit with a
symmetric susceptibility used to cancel effectively lower-
order interactions [21]. Other proposals rely on the use
of ancilla qubits to reproduce the low-energy spectrum of
many-body interactions, in the regime where the qubits
have a Hamiltonian with negligible transverse terms in
the basis of the interaction [22]. However, designing cir-
cuits that implement many-body interactions and have
other desirable features, including large tunable inter-
action strength, independence of the biasing conditions
for the coupled qubits, cancellation of lower-order inter-
actions, low design complexity, and robustness to noise
and parameter variations, is a challenging problem.
In this Letter, we propose and analyze a supercon-
ducting quantum circuit used to implement a three-body
interaction between three superconducting flux qubits.
Flux-type qubits are promising candidates for both quan-
tum annealing [23, 24] and gate-based quantum comput-
ing [25]. The three-body coupler design that we pro-
pose is a relatively low-complexity circuit that combines
strong tunable interactions of the order of 1 GHz, compa-
rable to the qubit energy scales, effective cancellation of
two-body terms, and robustness to noise and parameter
variations.
Our proposed coupler device consists of two supercon-
ducting Josephson circuits, labeled “c1” and “c2” (see
Fig. 1). Each of these circuits has a main supercon-
ducting loop, interrupted by two Josephson junctions
which form a secondary loop. This circuit is referred to
in other contexts as a tunable rf-SQUID [26] or a com-
pound Josephson junction rf-SQUID [27]. The tunable
rf-SQUID has the important property that the suscepti-
bility, which is the relative change in current in the main
loop due to a change in flux, can be controlled, in both
sign and magnitude, by the magnetic fluxes applied to its
two loops. Based on this property, a tunable rf-SQUID,
operated either in the monostable [28, 29] or quantum
bistable [24] regimes, can be used to mediate a tunable
interaction between two flux qubits.
To achieve a strong three-body interaction, we employ
the tunable rf-SQUID in the following way. We make
the interaction between two qubits, each coupled to the
rf-SQUID main loop, dependent on the state of a third
qubit, coupled to the secondary loop, thereby generat-
ing an effective three-qubit interaction. However, in this
coupler circuit based on only one tunable rf-SQUID, two-
body interactions cannot be canceled or generally con-
trolled independently from three-body interactions. To
cancel the two-body interactions between qubits 1 and
2, we combine two rf-SQUIDs (circuits “c1” and “c2” in
Fig. 1) in such a way that qubit “q1” generates fluxes
of equal value and opposite sign in the loops of couplers
“c1” and “c2”, by adding a twist in the main loop of
“c2”. To cancel the two-body interactions between qubits
1 and 3, and 2 and 3, we symmetrically couple “q3” to
both branches of the coupler secondary loops and we bias
2FIG. 1. Circuit schematic of the coupler - qubits system. The
two tunable rf-SQUID circuits forming the coupler (“c1” and
“c2”) are coupled to the three tunable capacitively shunted
flux qubits (“q1”, “q2”, and “q3”) by mutual inductances.
Each loop of these circuits is subjected to a flux bias, as indi-
cated. Josephson junctions are indicated by crosses (intrinsic
junction capacitance not shown); arrows indicate the sign of
the relative phase. Inductances of the secondary loops of the
qubits are not shown. See text for additional details.
“c1” and “c2” at their main loop symmetry point, en-
suring zero susceptibility to flux in the secondary loop.
Thus, the sum of the two-body interactions vanishes due
to symmetry of the coupling and susceptibilities, with the
susceptibilities controlled by the flux biasing conditions.
We next consider the full circuit representation of the
coupler device and the qubits. In what follows, we as-
sume that the qubits are capacitively shunted flux qubits
(CSFQ), which are considered in recent efforts related to
coherent quantum annealing [24]. However, the analy-
sis applies straightforwardly to other flux qubit variants.
The complete Hamiltonian of the qubits and coupler sys-
tem is
H =
3∑
i=1
Hq i +
2∑
j=1
Hc j +Hint, (1)
where Hq i is the Hamiltonian of qubit i (i ∈ {1, 2, 3}),
Hc j is the Hamiltonian of rf-SQUID j (j ∈ {1, 2}), and
Hint is the interaction Hamiltonian. These Hamiltonians
have the following form:
Hqi =
1
2~2
pTqiE
C
qi pqi −
4∑
k=1
EJqik cos γ
q
ik +
1
2
ϕ
T
qiE
L
qiϕqi,
(2)
Hcj =
1
2~2
pTcj E
C
cj pcj −
2∑
l=1
EJcjl cos γ
c
jl +
1
2
ϕ
T
cj E
L
cj ϕcj
(3)
and
Hint =
φ20
2
ϕ
T
(
L−1 − L−10
)
ϕ. (4)
In Eqs. (2)-(4), the independent degrees of freedom
are the phases γqi k (γ
c
j l) across junction k (l) and the
phase ϕmq i (ϕ
m
c j) across the main loop inductance of the
qubit (coupler) i (j) for i ∈ {1, 2, 3} (j ∈ {1, 2}) and
k ∈ {1, 4} (l ∈ {1, 2}). The pαi k are the conjugate
momenta to each γαi k, and similarly p
m
α i conjugate mo-
menta to each ϕmα i. The vectors of inductance phases
are ϕTα i =
(
ϕmαi, ϕ
s1
αi, ϕ
s2
αi
)
for αi ∈ {q1, q2, q3, c1, c2}
and ϕT =
(
ϕ
T
q 1,ϕ
T
q 2,ϕ
T
q 3,ϕ
T
c 1,ϕ
T
q 2
)
, with ϕs1q i = γ
q
i 1 −
γqi 2 − γqi 4 − ϕmq i − 2πfmq i − πf sq i, ϕs2q i = γqi 1 − γqi 2 − γqi 3 −
ϕmq i − 2πfmq i + πf sq i, ϕs1c j = −γcj 1 − ϕmc j − 2πfmc j + πf sc j
and ϕs2c j = −γcj 2 − ϕmc j − 2πfmc j − πf sc j . The vectors of
conjugate momenta are pTq i =
(
pqi 1, p
q
i 2, p
q
i 3, p
q
i 4, p
m
q i
)
,
pTc j =
(
pcj 1, p
c
j 2, p
m
c j
)
. The kinetic energy of each de-
vice is ECα i = 4e
2C−1α i , with e the electron charge and
Cα i the capacitance matrix for device α i, composed of
the junction capacitances Cαik and the shut capacitance
Cshαi. The Josephson energy for junction k of device α i
is EJα i k = φ0 I
J
α i k, where φ0 = ~/2e, with ~ the Plank
constant, is the reduced magnetic flux quantum and IJα i k
the critical current of the junction. The inductive energy
of each device is ELα i = φ
2
0 L
−1
α i , with Lα i the inductance
matrix for device α i, composed of the main loop induc-
tance Lmα i and of the secondary loop inductance, which
is divided into two branches Ls1α i and L
s2
α i. Similarly, L
is the inductance matrix of the coupled system, the di-
agonal elements of which are the loop inductances Lβα i
for β ∈ {m,s1,s2} of all devices αi ∈ {q1, q2, q3, c1, c2}
and the off-diagonal elements of which are the mutual in-
ductances Mi,j for i, j ∈ {1, 2} and Mβi,3 for 1 ∈ {1, 2, 3}
and β ∈ {s1,s2} between devices, and L0 is the diago-
nal inductance matrix of the uncoupled system (equiva-
lent to L with vanishing mutual inductance). Addition-
ally, external bias magnetic fluxes fβα i thread each loop
β ∈ {m,s}, of each device with αi ∈ {q1, q2, q3, c1, c2},
and we assign these to the three inductances Lβα i for
β ∈ {m,s1,s2} of the devices. Finally, in what follows,
we take identical qubits and identical rf-SQUIDs with
the following values of the circuit parameters: for qubits
i (i ∈ {1, 2, 3}), IJq i k = 221.0 nA and Cqik = 4.5 fF
for k ∈ {1, 2}, IJq i k = 102.0 nA and Cqik = 2.0 fF for
k ∈ {3, 4}, Cshqi = 40.0 fF, Lmq i = 250.0 pH, Ls1q i = Ls2q i =
10.0 pH, and for coupler j (j ∈ {1, 2}) IJc j l = 600.0 nA
and Ccjl = 12.0 fF for l ∈ {1, 2}, Cshcj = 10.0 fF,
Lmc i = 550.0 pH, L
s1
c i = L
s2
c i = 85.0 pH, and mutual
inductances of Mi j = −50.0 pH for i, j ∈ {1, 2} and
M s13 j =M
s2
3 j = −25.0 pH for j ∈ {1, 2}.
3We first discuss the properties of the coupler using the
Born-Oppenheimer approximation, which validates the
intuitive picture for the three-body coupler based on rf-
SQUID susceptibility. Since the tunable rf-SQUID cir-
cuits are designed to have a significantly larger energy
gap between the ground and excited states (typical gap
of 15 GHz) than the qubits (typical gap of 4 GHz), it is
reasonable to apply the Born-Oppenheimer approxima-
tion [15, 28, 30]. This is done by replacing H with the
effective qubit Hamiltonian
Heff =
3∑
i=1
Hq i + E˜
(0)
c
({
fβc j + δf
β
q j
}
β∈{m,s}
j∈{1,2}
)
, (5)
where E˜
(0)
c is the quantum ground state energy of H˜c =∑2
j=1Hc j +Hint. Here, E˜
(0)
c is an operator, dependent
on the effective qubit flux shifts δfmq j =
∑2
i=1 I
m
qi Mi j
and δf sq j = I
m
q3
(
M s13 j +M
s2
3 j
)
, with Imqi = φ0 ϕ
m
q i/L
m
q i the
operator for the circulating current in the main loop of
qubit i.
The analysis of the Born-Oppenheimer approximation
is simplified if we project E˜
(0)
c onto the subspace formed
by the two lowest energy states of each qubit, which is
appropriate because of the large anharmonicity in the
spectrum of the CSFQ [24, 25]. The state of each qubit
i is represented by the binary current variable Ip,mi si,
where si = ±1 and Ip,mqi is the persistent current in the
main loop of qubit i. The persistent current is defined
as the average of the magnitudes of the eigenvalues of
the current operator represented in the basis of the two
lowest energy states of each qubit. In terms of the binary
qubit parameters, the energy is written as
E˜(0)c (s1, s2, s3) = A˜0 +
3∑
i=1
h˜i si +
3∑
i, j=1
i6=j
J˜ij sisj
+ J˜123 s1s2s3, (6)
where A˜0 is an energy offset, h˜i are single qubit biases
arising from screening currents in the coupler, J˜ij are
two-body interactions, and J˜123 is the 3-local coupling
strength. We determine these coefficients by solving the
linear system of equations given by Eq. 6 for the 8 dif-
ferent values of qubit variables [see supplementary infor-
mation (SI)]. To calculate E˜
(0)
c (s1, s2, s3) for each triplet
of si = ±1, we numerically diagonalize H˜c, using a rep-
resentation in terms of the harmonic oscillator states for
the quadratic part of the Hamiltonian. The three-body
coupling strength J˜123 is shown in Fig. 2 versus f
s
c 1, with
f sc 1 = −f sc 2 and all the qubits biased as fmq i = 1/2 and
f sq i = 0 for i ∈ {1, 2, 3}. With this biasing condition, all
two-body terms cancel, in agreement with the qualitative
picture presented above.
We discuss next a useful model for the coupler, in
which each of the two tunable rf-SQUIDs is modeled as
FIG. 2. Three-body coupling strength extracted by Born-
Oppenheimer method in the circuit model (solid line), pertur-
bation theory in the spin model (dashed line), and numerical
calculations of the full circuit (dotted line), versus the fsc 1.
The flux biases are fmc 1 = f
m
c 2 = 1/2, f
s
c 1 = −f
s
c 2, f
m
q i = 1/2
and f sq i = 0 for i ∈ {1, 2, 3}. The inset shows the coupling
strength calculated using Born-Oppenheimer approximation
over a wide flux range.
a two-level system. The two-level approximation is rea-
sonable due to the large energy gap between the first
and second excited states of each rf-SQUID. This simple
model, in which both qubits and the coupling circuits are
treated as spins, allows to obtain perturbative analytical
expressions for the effective mediated interactions, giving
additional insight into the valid parameter range of the
coupler and on the required conditions for cancellation
of two-body interactions.
In this spin model, the full Hamiltonian is
H¯ = H¯Q + H¯C + H¯Int, (7)
where
H¯Q =
3∑
i=1
[
∆¯Q i
2
σxQ i +
ǫ¯Q i
2
σzQ i
]
, (8)
H¯C =
2∑
j=1
[
∆¯C j
2
σxC j +
ǫ¯C j
2
σzC j
]
(9)
and
H¯Int =
2∑
i=1
2∑
j=1
J¯Qi,Cj σ
z
Q i σ
z
C j+
2∑
j=1
J¯Q3,Cj σ
z
Q3 σ
x
C j (10)
are the Hamiltonians for the qubits, coupler, and the
interaction between them, respectively. To differentiate
the spin model parameters, we use an over-bar and we
use capital letters Q and C to denote qubits and cou-
pling circuits. Here, σxα i and σ
z
α i are the Pauli ma-
trices, ∆¯α i and ǫ¯α i are the tunneling and bias of de-
vice α i. The coupling between the qubit i and cou-
pler j is, for i j ∈ {1, 2} J¯Qi,Cj = Mi j Ip,mq i Ip,mc j and
4J¯Q3,Cj =
(
M s13 j +M
s2
3 j
)
Ip,mq i I
p,s
c j , where I
p,m
c j (I
p,s
c j ) is the
persistent current in the coupler main (secondary) loop.
We determine the relevant model parameters ǫ¯αi and ∆¯αi
for α ∈ {Q,C}, based on the properties of the lowest
two energy eigenstates of each qubit/coupler unit (see
SI). We assume weak direct qubit-coupler interaction,
i.e. J¯Qi,Cj/ω0,1 ≪ 1, where ω0,1 is the coupler excita-
tion energy. We then integrate out the coupler degrees
of freedom, and derive an effective Hamiltonian in the
subspace of slow degrees of freedom of the qubits. The ef-
fective interaction is obtained by projecting the full time
evolution operator (in the interaction picture) onto the
ground state of the coupler. Following the perturbative
procedure in Ref. [31], we obtain the following effective
qubit Hamiltonian:
H¯eff =
∑
i
1
2
[(
∆¯Q i + ∆¯
′
Q i
)
σxQ i +
(
ǫ¯Q i + ǫ¯
′
Q i
)
σzQ i
]
+ J¯12 σ
z
Q1 σ
z
Q2 + J¯13 σ
z
Q1 σ
z
Q3 + J¯23 σ
z
Q2 σ
z
Q3
+ J¯123 σ
z
Q1 σ
z
Q2 σ
z
Q3. (11)
In Eq. (11), ∆¯′Q i, and ǫ¯
′
Q i represent the qubit detun-
ing and bias shifts induced by the coupler (see SI),
J¯12 = −
∑
n V¯0,n
(
J¯Q1,C1 J¯Q2,C2 + J¯Q2,C1 J¯Q1,C2
)
/ωn,0,
with similar expressions for J¯13 and J¯23 (see SI).
Here, V¯0,n = 〈0c|σzC1 |nc〉 〈nc|σzC2 |0c〉 are the
matrix elements of the coupler operators cor-
responding to the ground and nth level of the
coupler. Finally, in a compact form, J¯123 =∑
n
∑
m 〈0c| H¯intPn H¯int Pm H¯int |0c〉 / (ω0,n ω0,m),
where Pa = |ac〉 〈ac|, for a ∈ {n,m} are projection
operators in the coupler subspace (see SI). Figure 2
shows J¯123 versus f
s
c j. The spin model predicts the
cancellation of the two-body term J¯12, and similarly of
the other two-body interactions, for correct choice of bias
conditions. These cancellation conditions are in agree-
ment with our intuitive picture based on symmetries of
coupling and susceptibilities.
To validate the above approximate treatments, we nu-
merically compute the eigenstates of the complete Hamil-
tonian Eq. (1). We represent each non-periodic (periodic)
degree of freedom of the Hamiltonian in a basis formed of
harmonic oscillator (Fourier) states. Due to the complex-
ity of the complete circuit, we proceed hierarchically by
first diagonalizing each device separately. Then, keeping
only the low-energy eigenstates of each device, we in-
troduce the coupling between all devices and diagonalize
the combined system in this low-energy basis to calculate
the energy spectrum [32]. The two-body and three-body
interactions are determined based on energy gaps at anti-
crossings in the numerically calculated spectrum (see SI
for details).
The three-body interaction strength J¯123 calculated
based on the spin model is in excellent agreement with
numerical results for the full circuit model for |f sc j | >
0.31, as shown in Fig. 2. The disagreement for small val-
ues of |f sc j | is due to the increase in the ratio J¯Qi,Cj/ω0,1,
arising from both a decreasing energy gap of the rf-
SQUIDs and the increase in the qubit-rf-SQUID cou-
pling. We also find good qualitative agreement between
the Born-Oppenheimer method and the numerical calcu-
lations. However, the pronounced quantitative disagree-
ment for |f sc j | < 0.31 between the two methods can be
attributed to the breakdown of the Born-Oppenheimer
approximation in the region of decreasing energy gap of
the rf-SQUID [15].
An important feature for a superconducting coupler
is robustness to low-frequency flux noise [33]. We as-
sume Gaussian flux noise with the power spectral density
Aβc i/|ω|γ [34], where ω is the angular frequency. We use
parameters Amc j = 14.6 µΦ0/
√
Hz, Asic j = 4.1 µΦ0/
√
Hz
for i ∈ {1, 2}, and γ = 0.9, based on experiments
[24, 25, 35] (see SI). We treat the inductances of the
SQUID as three, uncorrelated, contributions to the flux
noise. At the bias point where we get large three-body
coupling and a cancellation of all two-body couplings
(fmc 1 = f
m
c2 = 0.5 and f
s
c 1 = −f sc 2 = 0.3), we observe a
standard deviation in J˜123 of at most 0.003 GHz around
the nominal value of 1 GHz as well as a standard devia-
tion of at most 0.015 GHz around the nominal cancella-
tion point for J˜12, J˜13 and J˜23 (see SI for all coefficients).
The spread in single qubit energy bias terms h˜i induced
by the coupler circulating currents is comparable with
fluctuations induced by flux noise intrinsic to the qubit
loops. As a result, we do not expect the coupler to induce
significant dephasing of the qubit. These small spreads
in parameters ensures that the correct solution is found
at the end of the computation [36].
Besides robustness to flux noise, the coupler should
be functional when variations in fabrication parameters
are taken into account. To validate robustness to errors
in junction critical currents and self and mutual induc-
tances, we extracted the effective qubit Hamiltonian over
a normal distribution of parameter variations, with stan-
dard deviation of 3% of the nominal values. We find
that inductance variations in the secondary loop have a
negligible effect on the two- and three- body coupling
strengths. However, main loop self inductance and junc-
tion asymmetry significantly affects the values of the J˜ij ,
but cancellation conditions for two-body terms, to within
10 MHz, can be recovered by suitable compensations of
the bias fluxes (see SI).
When implementing this coupler in a quantum anneal-
ing context, an important metric is the extent to which
the coupler emulates the spectrum of an ideal spin Hamil-
tonian. In quantum annealing [37], one seeks to prepare
the ground state of a Hamiltonian that encodes the solu-
tion to a computational problem. The solution is found
by initializing the computation in the ground state of a
trivial Hamiltonian, followed by adiabatically transform-
ing this Hamiltonian into the Hamiltonian of interest. We
consider an annealing schedule with an initial Hamilto-
nian given by the standard transverse field Hamiltonian
and a final Hamiltonian given by a three-body interac-
5(a) (b)
FIG. 3. Low-energy spectrum versus annealing parameter s.
(a) Spectrum of the 8 levels of an ideal 3-spin Hamiltonian im-
plementing Eq. (12). (b) Spectrum of the lowest 8 qubit-like
levels of the circuit Hamiltonian (1) when biased to implement
a linear annealing schedule as in (12).
tion:
Hanneal(s) = (1− s)
3∑
i
∆i
2
σxi + s J123 σ
z
1σ
z
2σ
z
3 , (12)
where s is the annealing parameter, changing from 0 to
1. Figure 3 shows the energy levels of the Hamiltonian
Eq. (12) and of the complete circuit, including the three
body coupler, where we have used ∆i = 1.22 GHz and
J123 = 0.8 GHz (see SI). We find excellent agreement
between the energy spectra in the two cases, and in par-
ticular the physical system correctly preserves the de-
generacy of the ideal spin Hamiltonian. We also have
that the lowest 8 qubit-like energy levels of the complete
circuit are well separated from the higher levels (gap of
approximately 8 GHz).
We proposed and analyzed a three-local coupler for
superconducting flux qubits. This coupler is sign and
magnitude tunable, allows for cancellation of two-body
interactions, and is robust against noise and fabrication
parameter variations. A system formed of three qubits
and the coupler has the correct spectral properties of an
ideal spin Hamiltonian. The analysis presented in this
work will be relevant in designing the next generation of
quantum annealing hardware which will have capabili-
ties in increased embedding efficiency for problems that
include three-body terms, in quantum annealing error
correction and quantum simulations.
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1Supplementary Information: Tunable
three-body coupler for superconducting
flux qubits
I. BORN-OPPENHEIMER INVERSION
METHOD TO EXTRACT COUPLING
STRENGTH
The interaction coefficients in Eq. (6) of the main text,
A˜0, h˜i, J˜ij , and J˜123 are found by numerically calculating
the ground state energy of the coupler Hamiltonian for all
eight configurations of the binary qubit variables. These
eight energies are related to the coupling coefficients as
E˜
(0)
c (−1,−1,−1)
E˜
(0)
c (−1,−1, 1)
E˜
(0)
c (−1, 1,−1)
E˜
(0)
c ( 1,−1,−1)
E˜
(0)
c (−1, 1, 1)
E˜
(0)
c ( 1,−1, 1)
E˜
(0)
c ( 1, 1,−1)
E˜
(0)
c ( 1, 1, 1)

= S

A˜0
h˜1
h˜2
h˜3
J˜1 2
J˜1 3
J˜2 3
J˜123

, (S1)
with
S =

1 −1 −1 −1 1 1 1 −1
1 −1 −1 1 1 −1 −1 1
1 −1 1 −1 −1 1 −1 1
1 1 −1 −1 −1 −1 1 1
1 −1 1 1 −1 −1 1 −1
1 1 −1 1 −1 1 −1 −1
1 1 1 −1 1 −1 −1 −1
1 1 1 1 1 1 1 1

.
Coefficients A˜0, h˜i, J˜ij , and J˜123 are found by inverting
the system of equations (S1).
II. EXTRACTING COUPLING STRENGTH
FROM AVOIDED LEVEL CROSSING
To determine the strength of the three-body interac-
tion mediated by the coupler based on circuit simula-
tions, the following approach is used. Qubit flux bi-
asing parameters are chosen to have ∆¯Q1 = ∆¯Q2 and
∆¯Q3 = ∆¯Q1 + ∆¯Q2. For this bias condition, the spec-
trum of the complete circuit Hamiltonian [Eq. (1) in the
main text] has an avoided-level crossing between the 4th
and 5th energy levels, |↑↑↓〉 and |↓↓↑〉 where the ↑ or ↓
refers to the current state of one of the three qubits. The
(a) (b)
FIG. S1. Energy spectrum of the complete circuit Hamil-
tonian, relative to the ground state energy. (a) When the
three-body coupling is turned on, an avoided level crossing be-
tween level 4 and 5 corresponding to 2 |J123| appears around
∆Q3 ≈ ∆Q1 + ∆Q2 (dotted line and circle). (b) When the
three-body coupling is turned off, levels 4 and 5 simply cross
each other around ∆Q3 ≈ ∆Q1 + ∆Q2 (dotted line and cir-
cle). The conditions of ∆Q3 ≈ ∆Q1 + ∆Q2 happen at dif-
ferent flux values with and without coupling because of a re-
normalization of the qubit energy levels due to the coupling.
avoided level crossing arises due to the ZZZ interaction.
This coupling results in a mutual repulsion between the
levels. Calculating the minimum spacing between these
two avoided levels gives 2 |J123|. Figure S1 illustrates this
procedure.
An alternative method to calculate the coupling relies
on choosing biasing conditions for the qubits such that
∆¯Q1 = ∆¯Q2 = ∆¯Q3 and ǫ¯Q1 = ǫ¯Q2 = ǫ¯Q3 = 0. If the
coupler is biased such that it is mediating a pure three-
body interaction, that is ǫ¯′Qi = 0 and J¯ij = 0, the 8-
lowest energy levels of the circuit will form two four-fold
degenerate subspaces. These two subspacces correspond
to even and odd parity of the qubit currents states, i.e.
the even states are |↑↑↑〉 , |↑↓↓〉 , |↓↓↑〉 and |↓↑↓〉 and the
odd states are |↓↓↓〉 , |↑↑↓〉 , |↓↑↑〉 and |↑↓↑〉. These two
subspaces are coupled by the ZZZ operator. Calculating
the energy separation between these two subspaces gives
2 |J123|. This method was used to extract the coupling
strength in Fig. 2 in the main text.
III. SPIN MODEL
A. Correspondence Between Circuit Parameters
and Spin Parameters
The spin model for the coupled system presented in
the main text is schematicized in Fig. S2. To obtain the
correspondence between the circuit parameters and the
spin parameters, we numerically diagonalize the circuit
Hamiltonian of each isolated qubit or coupler at each bias
point. Then, we take the two lowest energy states as the
spin subspace of each device.
The excitation energy at each bias point is defined as
the difference between the ground state energy and the
first excited state energy, written as
E01α i (f
m
α i, f
s
α i) = E
1
α i (f
m
α i, f
s
α i)− E0α i (fmα i, f sα i) . (S2)
2FIG. S2. Spin-model schematic of the coupler plus qubits sys-
tem. The circles and squares represent the qubit and coupler
spins, respectively. The dashed lines represent bare two-body
interactions.
For any qubit or coupler, the energy bias spin parameter
ǫ¯α i, is taken to be
ǫ¯α i =
√
E01α i (f
m
α i, f
s
α i)
2 − ∆¯α i (fmα i, f sα i)2. (S3)
For any qubit or coupler, the transverse field spin param-
eter ∆¯α i is taken to be
∆¯α i = E
01
α i (f
s
α i, 0.5) . (S4)
For any qubit - coupler pair, the direct 2-body interaction
strength spin parameter J¯Qi,Cj is
J¯Qi,Cj =Mi j I
p,m
q i
(
fmq i, f
s
q i
)
Ip,mc j
(
fmc j , f
s
c j
)
. (S5)
and
J¯Q3,Cj =
(
M s13 j +M
s2
3 j
)
Ip,mq 3
(
fmq i, f
s
q i
)
Ip,sc j
(
fmc j , f
s
c j
)
.
(S6)
The persistent current in the devices, Ip,βα i , is defined as
Ip,βα i =
1
2
[
|I0,βα i (fmα i, f sα i)|+ |I1,βα i (fmα i, f sα i)|
]
, (S7)
where In,βα i for n ∈ {0, 1} are the eigenvalues of the op-
erator representing the current in loop β ∈ {m,s} Iβα i of
device αi in the energy basis of the ground and first ex-
cited states of the device. The operator representing the
current in the secondary loop of the coupler is defined as
Isc j = φ0
(
ϕs2c j/L
s2
c j − ϕs1c j/Ls1c j
)
/2.
B. Effective Hamiltonian in the Spin Model
We briefly outline the procedure used to obtain the ef-
fective qubit-qubit Hamiltonian shown in Eq. (11) in the
main text. We consider the spin Hamiltonian in Eq. (7)
of the main text
H¯ = H¯Q + H¯C + H¯Int, (S8)
We assume the interaction to be weak; specifically, we
assume 〈0c| H¯int |0c〉 /ω0,1 ≪ 1, where ω0,1 is the coupler
excitation energy and |0c〉 represents the ground state of
the coupler. The time evolution operator in the interac-
tion picture is
U¯(t, 0) = T exp
[−i
~
∫ t
0
H¯int (t
′) dt′
]
, (S9)
where T specifies the time ordering. The effective cou-
pling between the qubits can be found by projecting the
full time evolution operator onto the ground state of the
coupler, |0c〉. The effective propagator is given by
U¯eff(t, 0) ≡ 〈0c| U¯(t, 0) |0c〉
= T exp
[−i
~
∫ t
0
H¯eff (t
′) dt′
]
. (S10)
The effective qubit Hamiltonian is found by expanding
U¯eff(t, 0) perturbatively up to third order [S1].
Applying the procedure from Eqs. (S8-S10) to the the
spin model Hamiltonian in Eq. (7) of the main text,
we obtain the effective Hamiltonian in the spin picture
shown in Eq. (11) in the main text.
The first order correction term to the qubit bias is
given by
ǫ¯′Q1 =
2∑
j
J¯Q1,Cj 〈0c|σzC j |0c〉 . (S11)
A similar expression can be written for the biases of
qubits 2 and 3. The shift in the qubit tunneling at the
second order is given by
∆¯′Q1 = −
∆¯Q1 J¯1,C1 J¯Q1,C2
2
∑
n
V¯0,n
ω20,n
, (S12)
where V¯0,n is as defined in the main text. Similar expres-
sions can be written for tunneling elements for qubits 2
and 3.
Two body couplings J¯1,3 and J¯2,3 between qubits 1 and
3, and 2 and 3 are given by
J¯13 = −
(
A¯ J¯Q1,C1 J¯Q3,C2 + A¯
′ J¯Q3,C1 J¯Q1,C2
)
(S13)
and
J¯23 = −
(
A¯ J¯Q2,C1 J¯Q3,C2 + A¯
′ J¯Q3,C1 J¯Q2,C2
)
, (S14)
where
A¯ =
∑
n
〈0c|σzC1 |nc〉〈nc|σxC 2 |0c〉
ω0,n
, (S15)
A¯′ =
∑
n
〈0c|σxC1 |nc〉〈nc|σzC2 |0c〉
ω0,n
, (S16)
The conditions for cancellation of the two-body in-
teractions between qubits 1 and 3, and 2 and
3 are A¯ J¯Q1,C1 J¯Q3,C2 = −A¯′ J¯Q3,C1 J¯Q1,C2 and
A¯ J¯Q2,C1 J¯Q3,C2 = −A¯′ J¯Q3,C1 J¯Q2,C2. The effective
3three-body coupling J¯123 arises at the third order in per-
turbation theory. The expression for the effective cou-
pling in the spin picture can be written as
J¯123 =
2∑
i=1
2∑
j=1
2∑
k=1
J¯Q1,Ci J¯Q2,Cj J¯Q3,Ck
×
∑
n
∑
m
〈0c|σzC i |nc〉〈nc|σzC j |mc〉〈mc|σxC k |0c〉
ω0,n ω0,m
(S17)
where |mc〉 and |nc〉 are energy eigenstate of the coupler.
IV. SENSITIVITY OF THE COUPLER TO
NOISE
We determine the variations in the coupling and bias
parameters induced by flux noise in the coupler loops.
The Gaussian simulated flux noise environment for loop
β in device α i induces fluctuations in bias flux with a
normal distribution of variance given by
δΦβα i =
∫ ωhi
ωlo
dω
Aβα i
ω0.9
, (S18)
where ωhi = 10 GHz is the high-frequency cut-off, ωlo =
2π/Tf is the low-frequency cut-off, where Tf is the total
experiment time which we have taken to be 1 µs, Aβα i is
an experimental flux noise amplitude of loop β of device
α i. We have determined the value of the Aβα i, reported
in the main text, by measuring the length-over-width
ratio of the superconducting wires making up realistic
computer assisted designs of the devices, and scaling this
ratio with respect to established experimental values [S2–
S4]. We model the spread in coupling and bias parame-
ters when the system is subjected to this realistic noisy
environment. The standard deviation of the parameter
due to noise on the 4 loops of the coupling circuit and
the qubit loops are reported in table I.
TABLE I. Annealing parameter standard deviations due to
uncorrelated flux noise in all coupler loops.
Parameter
Nominal value
(GHz)
Standard
deviation (GHz)
h˜1 0.000 0.101
h˜2 0.000 0.102
h˜3 0.000 0.006
J˜12 0.000 0.012
J˜13 0.000 0.015
J˜23 0.000 0.015
J˜123 0.915 0.003
V. ROBUSTNESS OF THE COUPLER TO
FABRICATION VARIATIONS
We determine the effect of fabrication variations on
the coupler. We specifically observe the effect on the
coupling strength and on the ability to cancel the two-
body interactions when variations are introduced in the
mutual inductances between the coupler and the qubits,
the self inductances of the coupler and the Josephson
junctions in the coupler circuit.
The mutual inductances between the qubits and
SQUIDs and the self-inductances of the SQUIDs were
sampled randomly from a normal distribution with a
95% confidence interval within 3% of their nominal value.
The coupling strengths Jij and J123 were calculated with
the Born-Oppenheimer method at the same bias point
(fmc 1 = f
m
c 2 = 0.5 and f
s
c 1 = −f sc 2 = 0.3) for all random
instances. This was repeated for 100 random instances.
All the Josephson junction critical currents in the rf-
SQUIDs were sampled randomly from a normal distribu-
tion with a 95% confidence interval within 3% of their
nominal value. For each random instance, the coupling
strengths Jij and J123 were calculated with the Born-
Oppenheimer method at the same bias point (fmc 1 =
fmc2 = 0.5 and f
s
c 1 = −f sc 2 = 0.3). The asymmetry in
the junctions affects the cancellation of the two-body in-
teractions. New bias conditions where all two-body in-
teractions are suppressed to within 10 MHz and where
the three-body interaction is tunable were found by local
optimization around the nominal bias point.
VI. ANNEALING SIMULATIONS
The full circuit annealing simulation in the main text is
done in the following way. We start by diagonalizing the
individual qubits to determine the relation between f sq i
and f sc i, and (1− s) ∆i in the annealing Hamiltonian. To
account for the effect of the coupler on the qubits, we re-
normalize the qubit inductance with a term proportional
to the coupler susceptibility, as is discussed in Refs. [S3,
S5, S6]. This re-normalization is
Lmq i → Lmq i −
2∑
j=1
M2ij
∂ 〈0c| Imqi |0c〉
∂fmc j
, (S19)
for i ∈ {1, 2}, and
Lmq3 → Lmq3 −
2∑
j=1
M23j
∂ 〈0c| Imq3 |0c〉
∂f sc j
. (S20)
We next determine the persistent current of these re-
normalized qubits. These persistent currents are then
used to determine the relation between f sq i and f
s
c i, and
s J123 in the annealing Hamiltonian. We use the Born-
Oppenheimer method described in Eq. (6) in the main
text, with the qubit persistent currents just calculated.
This procedure is then repeated for all values of s.
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